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We propose a new multivariate generalization of univariate concave regression.

Our new method is based on total concavity.

Total concavity is a multivariate extension of univariate concavity, defined via
max-order mixed (partial) derivative constraints.



Univariate Concave Regression

Data: (x(l),yl), e, (x(”),yn) where xY € [0,1] and y; € |

Suppose y has diminishing returns with respect to x.

In other words, the rate of change in y decreases as x increases.
( = dyl/dx)

n

fconcave € argmin Z (y; = flx™))?
fconcave ‘i,



Example
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Multivariate Concave Regression

What are multivariate versions of f-oncave?

For simplicity, we mainly focus on the bivariate case d = 2.

Data: (x(l), Vi)s eees (x\", y,) Where x®Y e 10,1]% and y; € |

Example: y = log(Earnings), x;, = Education, and x, = Experience.



Existing Notions of Multivariate Concavity

o General Concavity
o Axial (= Coordinate-wise) Concavity

o Additive Concavity

Total concavity is different from them!



General Concavity

f is (generally) concave if and only if

J((1I —a)x + ay) = (1 — a)f(x) + af(y)
foralla € [0,1]and x,y € [0,11°.

Studied in, for example,
[Balazs 2016], [Kuosmanen 2008], [Lim & Glynn 2012],

[Seijo & Sen 2011], [Kur et al 2024], ...

Weakness:

[t requires concavity on every line yy + 7;x; + y,x, = 0.



Axial Concavity

f is axially (coordinate-wise) concave if and only if

fC-,x,) and f(x;, - ) are concave for each x;, x, € [0,1].

[t is often justifiable from domain knowledge or data.
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Axial Concavity

Studied in, for example, [Iwanaga et al 2016]

Weakness:
Axial concavity is a weak assumption.

[t may require more data to avoid overfitting than others



Additive Concavity

f is additive concave if and only if

f(x1,x,) = f;(x;) + f»(x,) for some univariate concave functions f; and f>.

Studied, for example, in

[Chen & Samworth 2016], [Meyer 2013], [Meyer 2018], [Pya & Wood 2015], ...

Weakness:
No interaction effects

Can be restrictive sometimes.
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Characterization via Mixed (Partal) Derivatives

For smooth functions,

. o 0
o Univariate Concavity: f <0,i.e., — < 0.
0x?
0- 0- 0- 0*f 0°
o General Concavity: —f <0, —f <0, and URE < —f : —f
ox? 0x3 0x 1%, ox; 0x3
| o Of
o Axial Concavity: — < 0and — < 0.
ox? 0x3
0- 0- 0-
o Additive Concavity: —f <0, —f <0, and / = 0.

ox? 0x3 0X1X






Total Concavity

Axially
Concave
Interactions

Total Additive
Concavity Concavity
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Axially Concave

First introduced by Popoviciu in 1934 and recently described in [Gal 2010].



Representation Theorem for
Univariate Concave Functions

Suppose f: [0,1] = R is a concave function with f(0+) < 4+ oo and
f(1-) > — 0.

Then, there exists a unique (Borel) measure v on (0,1) and gy, a;, € R such that
forall x € [0,1],

fx) =ay+ ax — J (x — 1), du(?),
(0,1)

where (x — 7), = max{x—1t, O} .

Concave functions are (infinite) linear combinations of basis functions
x = (x — 1), with non-positive weights.



Additive Concave Functions

Additive concave functions can be written as

(x; — ), dv(t)) — [ (X5 — 1), duvy (1)

f(xl, .XZ) — CZO —+ dl.xl —+ Cl2X2 — J
(0,1)

(0,1)

for some measures v, and v, on (0,1).

Total Additive Axially
n Concave

Concavity roncavity

How can we add interaction terms to these additive concave functions?



Axially Concave Interactions

How do we introduce interaction terms to linear regression?

Example:

y = pix; + Ppoxy =y = pix; + Prxot XX

Interactions can be introduced via

X1Xp, X1 — b))y, (X) — 1), X, and (x; — 1) (X — b)),



Total
Concavity

Additive

When are they axially concave?

o x,X,: axially concave forall / € |

o Px1(Xy — 1)

, p(x; — 17)

Concavity

X, Pplx; — 1)

_|_

(X, — 1)

Axially
Concave

Interactions

. axially concave iff f < 0.



Totally Concave Functions

f(x1, %) = ag + a;x; + ar,x, — J(xl — 1), dv (1)) — J(xz — 1), dus(1,)
Tap XX — X - [(Xz — 1), dUi_gy — X J(xl — 1)y dvy g
— J'(xl — 1), — B, dvyH(ty, 1),

where vy, U, Uy_g », Vj »—o are measures on (0,1) and vy, is a measure on (0,1).



ion, then
If / is a smooth totally concave function,

0'f

3 a3f

: 0. of <0, and ~

g_f =0 % =0 0x1X3 0X7X, 0X7X5
A )

< 0,

< 0.



Characterization via Derivatives

0* 0* 0* 0*f 0°
o General Concavity: —f <0, —f <0, and URE < —f | —f
ox? 0x3 0X1 X ox; Oxs
| o Of
o Axial Concavity: — < 0and — < 0.
ox? 0x3
0* 0* 0*
o Additive Concavity: —f <0, —f <0, and ! = 0.
0X; 0x3 0X1 X
o Total Concavity:
0- 0* 0 0’ 0
_fSO,_fSO, f SO) f S(),and f SO

2 2,2
OX3 0X5 0X1X5 OX7Xy OX1X5
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Extension to Higher Dimensions

Recall that when d = 2, f is totally concave if

g 0 03 03 0"
_fs(),_fs(), / <0, / <0, and / <0;
0X; 0x3 0x X5 0X7X, 0X7 X5
that is,
oP1 P2
/ <0
ox!" 0x4>

for every (py, py) € {0,1,2}? with maxi{p,p,} = 2.



For general d, f is totally concave it

Pt tlaf
—— <0
Ox{1--- Ox?

for every (py, ...,p,) € {O,I,Z}dwith max p, = 2
k



Totally Concave Regression

Data: (xV, Vi)s eees (x", y,) Where x e 10,11¢and y; € |

n

frc€  argmin ) (y—fx?))’
 totally concave i=1

[t can be computed via finite-dimensional convex optimization algorithms.



Rate of Convergence

Under the standard set of model assumptions:

(1) y; = f*(xY) + €, where f* is totally concave and ¢; Lid. N(0, 6°)

2) x1 ..., x" form an equally-spaced lattice,

we have multiplicative constant depends on d, o, and f*

>

/ 32d — 1
[% > (Frc® —f*<x<i>>)2] O(n~3(logny“57).

f7c can avoid the curse of dimensionality to some extent.



L xtensions

o We can restrict the order of interactions.

This leads to a faster rate of convergence.

o We can impose total concavity only on a subset of covariates.

The other covariates only appear via linear terms.

f(xl, ...,xd) =]C1(X1, ...,Xp) + Clp_l_lxp_I_l + e + Cldxd

where f; is a totally concave function and Apits -7 € R

All of them are implemented in the R package regmdc, available at

https:/github.com/DohyeongKi/regmdc.



Thank you for your attention!

https:/arxiv.org/abs/2501.04360
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