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XGBoost

Although XGBoost (eXtreme Gradient Boosting) has achieved remarkable
empirical success, it has not been theoretically well-understood yet.

XGBoost fits a to data.

XGBoost aims to (approximately) minimize least squares plus
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where (1) T, is the number of leaves in the kth regression tree,
(2) w, Is Its vector of leaf weights.

squared L? norm is
also common

XGBoost produces a discrete-valued tree fit, but it seems 1t also learns
continuous functions qurte effectively.

Q. What kinds of functions does XGBoost learn well?

Function Class Extending Finite Sums of Trees

Every regression tree can be expressed as a of

bg,q,t(xla cees Xg) 1= H {1(%' — O)l(pj(xj — t]) > 0) + l(q]' = 1)1(pj(xj — lf,) > O)}
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where (1) S € {1,...,d}, (2) each g; € {0,1},and (3) p; € {—1,1}.

o g; determines whether the inequality is

o p; controls the of the inequality.

o 1; S a assoclated with variable X;

Example:d =2 and § = {1,2}
(1) (p1>q1) = (1,0) and (p,, ¢5) = (=1,0),

bS o (o) = 106, 2 1) - 1(x, < 1)
(2) (p1-qp) = (1,1) and (py, g») = (= 1,1),

bpS,q,t(xl,.xZ) — 1()61 > tl) ‘ 1(X2 < tz)

VWe consider of these basis functions with

We define as the collection of all functions f: RY - R of the form:

fc,{yg’q}(xl, Xy =C+ 2 Z Z

S:0<|S|<s pe{-1,1}151 qe{0,1}3!* RIS

bg,q’t(xl, s X) dvg,q(tj, jES)
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of the class of

— consistent with XGBoost whose max_depth = 6 by default.

Complexity Extending XGBoost Penalty

Infinite linear combination representation for f € %4 . IS not unique.
oo

Define the of fe F%* _ as

t

VD =mft Y Y N v fug =/

S:0<|S|<s pe{-1,1}51 qe{0,1}5!

where ||v||Ty denotes the total variation of a signed measure v.

Main Result |
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where the infimum is over all representations of fin a finite sum of trees.

— Volo—X§b( .) is an of the XGBoost penalty

y = 0 means the default choice by XGBoost

Relation to Hardy—Krause Variation

As the domain R4 is unbounded, we need to

for Hardy—
Krause variation

(either —oo or + 0 for each coordinate).

eta=(q,...,a;) € {—0,c0}¢ denote the

~or a function f: RY - R and S C {1,...,d}, define

S @ i€ S) = lim (x,.....x,) for (x.j€S) e RN
JajesoXJ ety e Sc)f I d s
s defined by
HK.(f)= ), Vit 13 eso):
@+SC{1,....d)
where Vit( - ) denotes Vitall variation.
S “whereas S

Example:d =s =2 and a = (—o0, — o)
HKa(1(+; 21, 5 = 1)) =1 but HKy(1(+; <1y, < 1)) =3

Volo—xgb(l( 12,02 tz)) B Volo—xgb(l( 1< I,n< t2))

1

In fact, V! (-)isa of Hardy—Krause variation;
00—ng

Vc}o—ng( .) is the of HKa( - ) over all anchors a € {—o0, 0}¢

when restricted to the subclass “G’T'f:_rst

V) = inf{ Y OHK(f): Y, fi=fand f, € giS_rst}

ac{—o0,00}¢ ac{—o0,00}¢

consisting of right-continuous functions

L east Squares Estimator (LSE)

A central object of interest Is the following

argmin{ 2 (yl- —f(X(")))2 . fE ‘G/Tis—st and Volo—xgb(f) <V } .
/ i=1

Let denote the collection of all of by . Where

o |S| < s — depth is no larger than s
S
0 — by qp are

— aligns with XGBoost's tree-splitting scheme where one branch corresponds
to 1(x; > 1) and the other to 1(x; < 1))

o 1; are of the jth covariate
— aligns with XGBoost's split points for numerical variables

— By default (tree_method = auto), XGBoost uses midpoints when datasets are
small but switches to quantiles for larger datasets.

Main Result 2:

IS a least

; ozd,s ' 1
squares estimator over all f € F with Vm_xgb(f) <V

XGBoost can be viewed as a for the of this

Theoretical Accuracy of LS

Main Result 3:

Assume the following setting:

can be replaced

by a more general
assumption

(1) y, =fxD) + ¢, where e F9% _ and ¢, 1S N0, 62)

co—St
(2) x¥ 1g po for some density p,
(3) po has compact support: there exist My, ..., M, > 0 such that

d M. M.
Po(X) = 0 unless x € I I [ ], ‘]]
e 2 2

(4) po 1s bounded above; B := M;---M - sup p,(x) < + oo.
X constant factor

depends on
B,d,V,and ¢

fv> vl

c0—Xg

S, then we have

r.

|| (7400 = P4(0)? - py(x) dx| =

[t can also be proved that this rate Is

Whether XGBoost itself achieves a similar nearly dimension-free rate of
convergence IS an open problem.
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